polynomial invariants are associated to an endomorphism u of a module M that has a finite free resolution. The first invariant x(u, X> (characteristic polynomial of
u) is a manic polynomial of degree the Euler characteristic of M. Its construction is based on the MacRae invariant. When M is a finite free module, x(u, X> is the classical characteristic polynomial of U. With additional assumptions there is constructed a finite sequence of manic polynomials {di(u, X>lj ~ (, such that their product is x(u, X) and d&u, X) divides dj+ , (u, X) . Wh en R is a field, these polynomials are the invariant factors of u. A generalized Cayley-Hamilton theorem is given. The generic behavior of the polynomials x (u, X> and {dj(u, X) x, 0 in Spec R is proved.
Finally it is shown, under certain assumptions that there exists a free submodule F of 84, invariant with respect to u, such that the restriction of u to F is similar to the endomorphism of F defined by the diagonal block matrix where the ith block is the companion matrix of &(u, X).
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INTRODUCTION
Let R be a commutative ring with unit, and M a finitely generated R-module. In this paper we attack the classical problem of classification of M-endomorphisms when M has a finite free resolution. We shall assign to Let's consider the free case, i.e. when R is a commutative ring with unit and M = R" is a free R-module of rank n. In this situation the ideal FO(( R"),,) is principal and g enerated by the characteristic polynomial J&A, X> of u, while the ideals T((RnjU) f or i 2 1 are not principal in general. In consequence, in this case one can talk about a characteristic polynomial but not about invariant factors.
In the general case, i.e. when R is a commutative ring with unit and M a finitely generated R-module, the ideals 9$ M,) are not principal and neither is Fo(M,). When M = P is a finitely generated projective 0. Goldman [4] constructs a characteristic polynomial of u, defining first the determinant of an endomorphism of a finitely generated projective module and then the characteristic polynomial of u as det(t, -U), following the free case. G. Almkvist [l] also talks about a characteristic polynomial of u when M = P is a finitely generated projective module. He constructs it by defining its coefficients as the traces of the exterior powers of u up to a sign, also following the free case. The two polynomials, in general, are different. They are only equal when P is a finitely generated projective module of constant rank.
This paper is organized in the following way. Let M be an R-module that has a finite free resolution. In Section 2 we shall associate to an endomor- (iii) (Fl:i; di(u, X)1 is the smallest principal ideal of R[ X] generated by a manic polynomial that contains K;(hl,), 1 < r < t -1. (v) There exists a free submodule F of M, invariant with respect to u and with rank equal to the Euler characteristic of M, such that the restriction of u to F is similar to the endomorphism of F defined by the diagonal block matrix where Di is the companion matrix of di(u, X).
When M = R", the previous polynomial x(u) X ) is the classical characteristic polynomial of U, and when R = K is a field, the previous sequence of polynomials {di(", X>lr $ i G t is the sequence of the classical invariant factors of u.
We start this paper with a short exposition of the techniques that we shall use through this work.
PRELIMINARIES AND NOTATION

Fitting Ideals
Let R be a commutative ring with unit, and let M be a finitely presented R-module. We denote by K( M) [3] 
where McRS, is the R'-module obtained from 111 by extension of scalars
MacRae's Invariant
We say that an R-module K is elementary if there exists an exact sequence of the form If K is an elementary R-module, then YO(K) is a principal ideal generated by a non-zero-divisor of R.
Let M be an R-module. An exact sequence where each Kj is elementary will be called a finite elementary resolution of M of length m. In this situation MacRae [6] proves:
where (Y, R E R are non-zero-divisors, is an invariant associated to M, i.e., it is independent of the finite elementary resolution of M chosen.
(ii) G(M) is the smallest principal ideal of R containing Y,,(M). It is necessarily generated by a non-zero-divisor.
We shall refer to G(M) as the MacRae invariant of M. In this context, there is a charucterktic sequence [2, p. 1061
which is an exact sequence of R[ Xl-modules, where cp(Cm,X") = Cu' (m,) and + = t, -C, where t, denotes multiplication by X. In particular, when M = R" the characteristic sequence proves that CR"), is an elementary R[ Xl-module and moreover (x(u> X)) =Td(R").) = G((R"),).
Let N be an R[X]-module. We denote by N the R-module obtained from N by restriction of scalars. If tx is the multiplication by X over %, then 
Furthermore, in this situation the diagram (whose rows are characteristic exact sequences)
The above behavior of the characteristic sequence can be generalized to an exact sequence of R-modules. We describe a particular situation that we shall use throughout this paper. If we have a diagram of R-modules
commutative and exact where Fi is a finitely generated free module, then the diagram of R[ Xl-modules 0 0 (iI x(u, X> is an invariant associated to u and M, that is, it does not depend on the finite free resolution or the morphism ui chosen for its construction.
(ii> If M is a finite free R-module, this definition gives the classic characteristic polynomial.
(iii) If CharH M = 0, then x(u, X) = 1 for every endomorphism u of M.
(iv> 0. Goldman [4] and G. Almkvist [l] gave two different extensions to the concept of characteristic polynomial of an endomorphism of a finitely generated projective module, as we noticed before. When these two definitions and the previous one apply (i.e., M is supplementable projective), then all of them give the same polynomial. 
By definition of Fitting invariants we have that S,( M 1 is the ideal of R generated by all the (S -n> X (s -n> minors of A, and F$M,)
is the ideal of R[ X] generated by all the s X s minors of C.
Let A E ET,(M) be the (s -n) x (s -n> minor of A defined by the rows {ii,. . , i,_n} and the columns {j,, . , j,_,} with 1 < i, < **. < is-, < r and I <j, < **. <j,_, < s. If A' is the (s -n) X s submatrix of A defined by the rows {ii, . , is_,,), and B' the n X s submatrix of XI -B whose rows are obtained by striking out {ji, . ,j,s_,} from {I, . , s), then is an s x s submatrix of C. and therefore we have det C' EFo( M,) c ( X(U, X)).
By the construction of C ', det C ' = + AX" + terms of less degree in X,
and since x(u, X) is a manic polynomial of degree n which divides det C', it follows that det C' = kAx(u, X).
In consequence, we have
Ax(u> X> E-%(K).
Because the (s -n) x (s -n) minors of A generate 2$( M ), we obtain the desired inclusion Z( M)( X(U> X>) G5(Mu). PROPOSITION 3.4. Let M E F,, let u be an endomorphism of M, and let $J be a prime ideal of R. Zf x( u, u) = 0, ) h ave the same radical ideal. Hence, the roots of x(u(p), X) and rD( x(u, X)) in the algebraic closure of k(p) are the same except for multiplicities.
Proof.
For an ideal '21 we denote by JZ the radical ideal of 8. For eve y prime ideal $Y of R, T,,,( x,(u, X>> divides x,(u(P) , XL Furth ermore there exists a dense open set C, ( M, u) of Spec R such that 'rr,( x,(u, X>> = ,Y,(u(P) , X) fir P E C,(M, u>.
Let n be a prime ideal of R. Since x,.,(u, X) is the characteristic polynomial of (i) x (u, X> = d,(u, X)d,(u, X) ... d,(u, XI. (ii> dj(u, X> divides di+,(u, X) for 1 < i < t -1. 
t-1
In order to define dz(u, X), note that d,(u(P ), X) ( 1 t-2 divides xt_ ,(u(p), X) for p E C( M, u). We shall see that in R[X] one has that t-1
( 1 t-2 d, (u, X) divides xt_ ,(u, X>. Since the two polynomials are manic, there exist polynomials c(X) and
where the degree of r(X)
is smaller than the degree of &(u, X)
Considering the above equality in k(P >[ X I for P E C( M, ~1, we have t-1 ( 1 mp( xt-l(u, x)) = q,(G))+(,. X> t-2 ) + ~&-(X)L or equivalently, by Theorem 2.7, t-1 ( 1 xt-du(P), X) = ~&(x))d,(u(p), x) t-2 + T&-(X)).
Therefore rr(r(X>) = 0 for every P E C( M, u). Since R is a reduced ring and C(A4, U> contains Min R, it follows that r(X) = 0. We define d, (u, X) as the monk polynomial of positive degree d,(u, X) = xt-l(U) X) , cl,-,(f~, Xl, then
As we have noticed, at each step ~~ (d,(u, X>>, rP(d,(u, X>>, . . , rD(dt(u, X) ) are the invariant factors of u(p) for p in C(M, u>. Conditions (i) and (ii) and the uniqueness in the theorem can be proved by the same techniques used above. n DEFINITION 4.4. Let the assumptions and notation be as in Theorem 4.3. We define the invariant factors of ZL as the polynomials Idi(u, XNr Q i G t. A 'M,, has a finite free resolution.  lf   d,(u, X), d,(u, X) , . , d,(u, X) with dt(u, X> dimding di+,(u, X> are the inrjariant factors of u, then: each integer r with 0 < r < t -1 the ideal (nil;  di(u, X) ) is the smallest principal ideal of R[ X] g enerated by a monk polynomial that  contains 9$( M,,) .
Let R be a reduced ring, M E 1F, with a nonzerv Euler characteristic, and u be an endomorphism of M. Suppose that for each positive integer r the R-module
(
ii) For each integer r with r 2 t the smallest principal ideal of R[ X]
generated by a manic polynomial that contains 9$ M,,) is R[ Xl.
Proof.
Firstly we prove for 0 < r < t -1.
If p is a minimal prime ideal of R, then by Theorem 2.7 we have 
